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POSITIVITY PROPERTIES FOR CANONICAL BASES OF MODIFIED
QUANTUM AFFINE sln
QIANG FU† AND TOSHIAKI SHOJI
Abstract. The positivity property for canonical bases asserts that the structure constants of
the multiplication for the canonical basis are in N[v, v−1]. Let U be the quantum group over
Q(v) associated with a symmetric Cartan datum. The positivity property for the positive part
U
+ of U was proved by Lusztig. He conjectured that the positivity property holds for the
modified form U˙ of U. In this paper, we prove that the structure constants for the canonical
basis of U˙(ŝln) coincide with certain structure constants for the canonical basis of U(ŝlN )
+ for
n < N . In particular, the positivity property for U˙(ŝln) follows from the positivity property for
U(ŝlN)
+.
1. Introduction
Let U be the quantum group over Q(v) associated with a Cartan datum (I, ·), where v is an
indeterminate. It is known by Lusztig and Kashiwara that the positive part U+ of a quantum
enveloping algebra U has a canonical basis with remarkable properties (see Kashiwara [K],
Lusztig [L1, L2, L5]). Among them, the deepest one should be the positivity property for the
canonical basis of U+ proved by Lusztig [L1, L2], [L5, 14.4.13], which asserts that the structure
constants of the multiplication for the canonical basis of U+ are in N[v, v−1] in the case where
the Cartan datum (I, ·) is symmetric.
Let U˙ be the modified form of U. The algebra U˙ is an associative algebra without unity and
the category of U-modules of type 1 is equivalent to the category of unital U˙-modules. The
canonical basis B˙ of U˙ was constructed by Lusztig [L4, L5]. In [L4, Section 11] and [L5, 25.4.2],
he conjectured that the structure constants of the multiplication for B˙ are in N[v, v−1], i.e., the
positivity property holds for U˙, in the case where the Cartan datum (I, ·) is symmetric.
Let S△(n, r) be the affine quantum Schur algebra over Q(v) (see [GV], [G2] and [L6]). An
explicit algebra homomorphism ζr fromU(ŝln) to S△(n, r) was constructed by Ginzburg–Vasserot
[GV], Lusztig [L6]. According to [L6, 8.2] the map ζr : U(ŝln) → S△(n, r) is not surjective in
the case where n 6 r. In turn, it is proved by Deng–Du–Fu [DDF, 3.8.1] that the map ζr can
be extended to a surjective algebra homomorphism from U(ĝln) to S△(n, r), where U(ĝln) is
the quantum loop algebra of ĝln. On the other hand, the quantum Schur algebra S(n, r) is
known to be a quotient of the quantum algebra U(sln). The canonical basis of S(n, r) was
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defined by Beilinson–Lusztig–MacPherson [BLM] and the positivity property for the canonical
basis of S(n, r) was proved by Green in [G1]. The canonical basis B(n, r) of the affine quantum
Schur algebra S△(n, r) was defined in [L6]. Lusztig gave in [L6, 4.5] a sketch of the proof of the
positivity property for B(n, r) based on the property of Kazhdan–Lusztig basis of affine Hecke
algebras of type A.
In this paper, we show that there exist good relations among canonical bases of the three
algebras U˙(ŝln), S△(n, r) and U(ŝlN )
+. In Theorem 4.8 we prove that the structure constants
for B(n, r) are determined by the structure constants for the canonical basis B(N)ap of U(ŝlN )
+
for n < N . Then the positivity property for B(n, r) follows from the positivity property for
B(N)ap. This gives an alternate approach for the positivity property of B(n, r). Using Theorem
4.8, we prove in Theorem 5.4 that the structure constants for the canonical basis B˙(n) of U˙(ŝln)
are determined by the structure constants for the canonical basis B(N)ap of U(ŝlN )
+ for n < N .
Thus the positivity property for B˙(n) follows from the positivity property for B(N)ap. We also
discuss in Theorem 6.3 a certain weak positivity property for D˙△(n), where D˙△(n) is the modified
quantum affine gln.
Notation: For a positive integer n, let Θ△(n) (resp., Θ˜△(n)) be the set of all matrices A =
(ai,j)i,j∈Z with ai,j ∈ N (resp. ai,j ∈ Z, ai,j > 0 for all i 6= j) such that
(a) ai,j = ai+n,j+n for i, j ∈ Z;
(b) for every i ∈ Z, both sets {j ∈ Z | ai,j 6= 0} and {j ∈ Z | aj,i 6= 0} are finite.
Let Θ+△ (n) = {A ∈ Θ△(n) | ai,j = 0 for i > j}. For r > 0, let Θ△(n, r) = {A ∈ Θ△(n) | σ(A) = r},
where σ(A) =
∑
16i6n, j∈Z ai,j. For i, j ∈ Z let E
△
i,j ∈ Θ△(n) be the matrix (e
i,j
k,l)k,l∈Z defined by
ei,jk,l =

1 if k = i+ sn, l = j + sn for some s ∈ Z,0 otherwise.
Let Zn△ = {(λi)i∈Z | λi ∈ Z, λi = λi−n for i ∈ Z} and N
n
△ = {(λi)i∈Z ∈ Z
n
△ | λi > 0 for i ∈ Z}.
Zn△ has a natural structure of abelian group. For r > 0 let Λ△(n, r) = {λ ∈ N
n
△ | σ(λ) = r}, where
σ(λ) =
∑
16i6n λi.
Let Z = Z[v, v−1], where v is an indeterminate.
2. Preliminaries
2.1. Let △(n) (n > 2) be the cyclic quiver with vertex set I = Z/nZ and arrow set {i→ i+1 |
i ∈ I}. We identify I with {1, 2, · · · , n}. Let F be a field. For i ∈ I and j ∈ Z with i < j, let Si
denote the one-dimensional representation of △(n) with (Si)i = F and (Si)k = 0 for i 6= k and
M i,j the unique indecomposable nilpotent representation of length j − i with top Si.
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For A ∈ Θ+△ (n) let d(A) ∈ NI be the dimension vector of M(A), where
M(A) =MF(A) =
⊕
16i6n
i<j, j∈Z
ai,jM
i,j .
We will identify naturally NI with Nn△ . The Euler form associated with the cyclic quiver △(n)
is the bilinear form 〈−,−〉: Zn△ × Z
n
△ → Z defined by 〈λ, µ〉 =
∑
16i6n λiµi −
∑
16i6n λiµi+1 for
λ, µ ∈ Zn△ .
By Ringel [R], for A,B,C ∈ Θ+△ (n), there is a polynomial ϕ
C
A,B ∈ Z[v
2] such that, for any finite
field Fq, ϕCA,B |v2=q is equal to the number of submodules N of MFq (C) satisfying N
∼= MFq (B)
and MFq(C)/N
∼=MFq(A).
Let D△(n) be the double Ringel–Hall algebra of the cyclic quiver △(n) introduced in [DDF,
(2.1.3.2)] (see also [X]). It was proved in [DDF, 2.5.3] that D△(n) is isomorphic to the quantum
loop algebra U(ĝln). According to [DDF, 2.6.1, 2.6.3(5) and 3.9.2] we have the following result.
Lemma 2.1. The algebra D△(n) is the algebra over Q(v) generated by u
+
A, K
±1
i , u
−
A (A ∈
Θ+△ (n), i ∈ I) subject to the following relations:
(1) KiKj = KjKi, KiK
−1
i = 1, u
+
0 = u
−
0 = 1;
(2) Kju+A = v
〈d(A),j〉u+AK
j, u−AK
j = v〈d(A),j〉Kju−A, where K
j = Kj11 · · ·K
jn
n for j ∈ Zn△ ;
(3) u+Au
+
B =
∑
C∈Θ+△ (n)
v〈d(A),d(B)〉ϕCA,Bu
+
C ;
(4) u−Au
−
B =
∑
C∈Θ+△ (n)
v〈d(B),d(A)〉ϕCB,Au
−
C ;
(5) commutator relations: for all λ, µ ∈ Nn△ ,
v〈µ,µ〉
∑
α,β∈Nn△
λ−α=µ−β>0
ϕα,βλ,µv
〈β,λ+µ−β〉K˜µ−βu−Aβu
+
Aα
= v〈µ,λ〉
∑
α,β∈Nn△
λ−α=µ−β>0
ϕα,βλ,µv
〈µ−β,α〉+〈µ,β〉K˜β−µu+Aαu
−
Aβ
,
where K˜ν := (K˜1)
ν1 · · · (K˜n)
νn with K˜i = KiK
−1
i+1 for ν ∈ Z
n
△ , and
ϕα,βλ,µ = v
2
∑
16i6n(λi−αi)(1−αi−βi)
∏
16i6n
06s6λi−αi−1
1
v2(λi−αi) − v2s
.
Note that the set {u+AK
ju−B | A,B ∈ Θ
+
△ (n), j ∈ Z
n
△} forms a Q(v)-basis of D△(n).
2.2. We now recall the definition of affine quantum Schur algebras following [L6]. Let F be a
field and fix an F[ε, ε−1]-free module V of rank r ∈ N, where ε is an indeterminate. A lattice in
V is, by definition, a free F[ε]-submodule L of V satisfying V = L⊗F[ε] F[ε, ε
−1]. Let F△= F△,n
be the set of all filtrations L = (Li)i∈Z of lattices, where each Li is a lattice in V such that
Li−1 ⊆ Li and Li−n = εLi, for all i ∈ Z. The group G of automorphisms of the F[ε, ε−1]-module
V acts on F△ by g · L = (g(Li))i∈Z for g ∈ G and L ∈ F△. The group G acts on F△× F△ by
g · (L,L′) = (g · L, g · L′).
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Recall the set Θ△(n, r) given in §1. By [L6, 1.5] there is a bijection between the set
of G-orbits in F△ × F△ and Θ△(n, r) by sending (L,L
′) to A = (ai,j)ij∈Z, where ai,j =
dimFLi ∩ L
′
j/(Li−1 ∩ L
′
j + Li ∩ L
′
j−1). Let OA ⊆ F△×F△ be the G-orbit corresponding to the
matrix A ∈ Θ△(n, r).
Let F = Fq be the finite field of q elements. For A,A′, A′′ ∈ Θ△(n, r) and (L,L′′) ∈ OA′′ let
νA,A′,A′′;q = #{L
′ ∈ F△ | (L,L
′) ∈ OA, (L
′,L′′) ∈ OA′}. By [L6, 1.8], there exists a polynomial
νA,A′,A′′ ∈ Z in v
2 such that νA,A′,A′′ |v2=q = νA,A′,A′′;q for any q, a power of a prime number.
Let S△(n, r)Z be the the free Z-module with basis {eA | A ∈ Θ△(n, r)}. According to [L6,
1.9] there is a unique associative Z-algebra structure on S△(n, r)Z with multiplication eAeA′ =∑
A′′∈Θ△(n,r)
νA,A′,A′′eA′′ . Let S△(n, r) = S△(n, r)Z ⊗ Q(v). The algebras S△(n, r)Z and S△(n, r)
are called affine quantum Schur algebras.
For A ∈ Θ△(n, r) let
(2.1) [A] = v−dAeA, where dA =
∑
16i6n, i>k,j<l
ai,jak,l
According to [L6, 1.11], the Z-linear map
(2.2) τr : S△(n, r)Z −→ S△(n, r)Z , [A] 7−→ [
tA]
is an algebra anti-involution, where tA is the transpose of A.
2.3. Let S△,r be the group consisting of all permutations w : Z→ Z such that w(i+r) = w(i)+r
for i ∈ Z. The extended affine Hecke algebra H△(r)Z of affine type A over Z is the (unital) Z-
algebra with basis {Tw}w∈S△,r , and multiplication defined by
T
2
si
= (v2 − 1)Tsi + v
2, for 1 6 i 6 r
TwTw′ = Tww′ , if ℓ(ww
′) = ℓ(w) + ℓ(w′),
where si ∈ S△,r is defined by setting si(j) = j for j 6≡ i, i + 1mod r, si(j) = j − 1 for j ≡ i + 1
mod r and si(j) = j + 1 for j ≡ imod r, and ℓ(w) is the length of w.
Recall the set Λ△(n, r) given in §1. Let Sr be the subgroup of S△,r generated by si for
1 6 i 6 r − 1, which is isomorphic to the symmetric group of degree r. For λ ∈ Λ△(n, r), let
Sλ := S(λ1,...,λn) be the corresponding standard Young subgroup ofSr and let xλ =
∑
w∈Sλ
Tw ∈
H△(r)Z . For λ, µ ∈ Λ△(n, r), let D
△
λ = {d | d ∈ S△,r, ℓ(wd) = ℓ(w) + ℓ(d) for w ∈ Sλ} and D
△
λ,µ =
D△λ ∩D
△
µ
−1. For λ, µ ∈ Λ△(n, r) and d ∈ D
△
λ,µ define φ
d
λ,µ ∈ EndH△(r)Z
(⊕
λ∈Λ△(n,r)
xλH△(r)Z
)
by
φdλ,µ(xνh) = δµν
∑
w∈SλdSµ
Twh
for ν ∈ Λ△(n, r) and h ∈ H△(r)Z .
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For λ ∈ Λ△(n, r), 1 6 i 6 n and k ∈ Z let
(2.3) Rλi+kn = {λk,i−1 + 1, λk,i−1 + 2, . . . , λk,i−1 + λi = λk,i},
where λk,i−1 = kr +
∑
16t6i−1 λt. By Varagnolo–Vasserot [VV, 7.4] (see also [DF1, 9.2]), there
is a bijective map
(2.4) △ : {(λ, d, µ) | d ∈ D
△
λ,µ, λ, µ ∈ Λ△(n, r)} −→ Θ△(n, r)
sending (λ, d, µ) to the matrix A = (|Rλk ∩ dR
µ
l |)k,l∈Z. Varagnolo–Vasserot showed in [VV] that
there is an algebra isomorphism
h : EndH△(r)Z
( ⊕
λ∈Λ△(n,r)
xλH△(r)Z
)
→ S△(n, r)Z
such that h(φdλ,µ) = eA, where A = △(λ, d, µ). We identify EndH△(r)Z
(⊕
λ∈Λ△(n,r)
xλH△(r)Z
)
with
S△(n, r)Z via h.
2.4. It was shown in [DDF] that the double Ringel–Hall algebra D△(n) and the affine quantum
Schur algebra S△(n, r) are related by a surjective algebra homomorphism ζr. Let Θ
±
△ (n) := {A ∈
Θ△(n) | ai,j = 0 for i = j}. For A ∈ Θ
±
△ (n) and j ∈ Z
n
△ , define A(j, r) ∈ S△(n, r) by
A(j, r) =


∑
λ∈Λ△(n,r−σ(A))
vλ·j[A+ diag(λ)], if σ(A) 6 r;
0, otherwise,
where λ · j =
∑
16i6n λiji. For A ∈ Θ
+
△ (n) let
u˜±A = v
dimEnd(M(A))−dimM(A)u±A.
We have the following result.
Theorem 2.2 ([DDF, 3.6.3, 3.8.1]). For r > 0, the linear map ζr : D△(n)→ S△(n, r) satisfying
ζr(K
j) = 0(j, r), ζr(u˜
+
A) = A(0, r), and ζr(u˜
−
A) = (
tA)(0, r),
for all j ∈ Zn△ and A ∈ Θ
+
△ (n), is a surjective algebra homomorphism.
3. Canonical bases for affine quantum Schur algebras
3.1. Let Wr be the subgroup of S△,r generated by si for 1 6 i 6 r. For i, j ∈ Z such that i 6≡ j
mod r, define (i, j) ∈ S△,r by setting (i, j)(k) = k for k 6≡ i, jmod r, (i, j)(k) = j + k − i for k ≡ i
mod r and (i, j)(k) = i+ k − j for k ≡ jmod r. Note that (i, j) ∈ Wr for all i, j. By definition
we have (i, j) = (i+ tr, j + tr) for t ∈ Z and (i, i+ 1) = si. Let
T =
⋃
w∈Wr,16i6r
wsiw
−1 = {(i, j) ∈Wr|1 6 i 6 r, i, j ∈ Z, i < j, i 6≡ j mod r}.
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For y,w ∈ Wr, we write y 6 w if there exist ti ∈ T (1 6 i 6 m) for some m ∈ N such that
w = t1t2 · · · tmy and ℓ(titi+1 · · · tmy) > ℓ(ti+1ti+2 · · · tmy) for 1 6 i 6 m. The partial ordering
6 on Wr is called the Bruhat order. Let ρ be the permutation of Z sending j to j + 1 for all
j ∈ Z. Then we have S△,r = 〈ρ〉 ⋉Wr, where 〈ρ〉 ∼= Z is the subgroup of S△,r generated by ρ.
The Bruhat order on Wr can be extended to S△,r by define ρ
iy 6 ρjw (for y,w ∈ Wr) if and
only if i = j and y 6 w.
Let ¯ : H△(r)Z → H△(r)Z be the ring involution defined by v¯ = v
−1 and T¯w = T
−1
w−1
. Let
H(Wr) be the Z-subalgebra of H△(r)Z generated by Tsi for 1 6 i 6 r. Let {C
′
w | w ∈ Wr} be
the Kazhdan–Lusztig basis of H(Wr) defined in [KL, 1.1(c)]. For y,w ∈ Wr and a, b ∈ Z let
Pρay,ρbw = δa,bPy,w, where Py,w ∈ Z is the Kazhdan–Lusztig polynomial. For w = ρ
ax ∈ S△,r
with a ∈ Z and x ∈Wr, let C ′w = T
a
ρC
′
x. Then for w ∈ S△,r we have C
′
w = C
′
w and
C ′w =
∑
y6w, y∈S△,r
vℓ(y)−ℓ(w)Py,wT˜y
where T˜y = v
−ℓ(y)Ty. The set {C
′
w | w ∈ S△,r} is called the canonical basis of H△(r)Z .
For d ∈ D△λ,µ let TSλdSµ =
∑
w∈SλdSµ
Tw and T˜SλdSµ = v
−ℓ(d+)TSλdSµ , where d
+ is the
unique longest element in SλdSµ. According to [C, (1.10)] and [DDPW, 4.35] we have the
following result.
Lemma 3.1. For λ, µ ∈ Λ△(n, r) and d ∈ D
△
λ,µ we have
C ′d+ =
∑
y∈D△
λ,µ
y6d
vℓ(y
+)−ℓ(d+)Py+,d+ T˜SλySµ ,
where y+ is the unique longest element in SλySµ.
3.2. We now recall the definition of canonical bases of affine quantum Schur algebras. Note
that C ′w0,λ = v
−ℓ(w0,λ)xλ, where w0,λ is the longest element in Sλ. We define a map ¯ :
S△(n, r)Z → S△(n, r)Z by v 7→ v¯ = v
−1, f 7→ f¯ , where for f ∈ HomH△(r)Z (xµH△(r)Z , xλH△(r)Z),
f¯ ∈ HomH△(r)Z (xµH△(r)Z , xλH△(r)Z) is defined by f¯(C
′
w0,µ
h) = f(C ′w0,µ)h for h ∈ H△(r)Z . Then
the map ¯ : S△(n, r)Z → S△(n, r)Z is a ring involution (cf. [D]).
For A ∈ Θ△(n) let ro(A) =
(∑
j∈Z ai,j
)
i∈Z
and co(A) =
(∑
i∈Z ai,j
)
j∈Z
. For A ∈ Θ˜△(n) and
i 6= j ∈ Z, let
σi,j(A) =


∑
s6i,t>j
as,t, if i < j;∑
s>i,t6j
as,t, if i > j.
For A,B ∈ Θ˜△(n), define B 4 A by the condition σi,j(B) 6 σi,j(A) for all i 6= j. Put B ≺ A if
B 4 A and, for some pair (i, j) with i 6= j, σi,j(B) < σi,j(A). For A,B ∈ Θ˜△(n) define B ⊑ A
if and only if B 4 A, co(B) = co(A) and ro(B) = ro(A). Put B ⊏ A if B ⊑ A and B 6= A.
According to [DF1, 6.1] we know that the order relation ⊑ is a partial order relation on Θ˜△(n).
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Lusztig proved in [L6] that there is a unique Z-basis
(3.1) B(n, r) := {θA,r | A ∈ Θ△(n, r)}
for S△(n, r)Z such that θA,r = θA,r and
(3.2) θA,r − [A] ∈
∑
B∈Θ△(n,r)
B⊏A
v−1Z[v−1][B],
(see also [DF3, 7.6]). The set B(n, r) is called the canonical basis of S△(n, r)Z .
3.3. For w ∈ S△,r let L (w) = {(i, j) ∈ Z2 | 1 6 i 6 r, i < j, w(i) > w(j)} and R(w) =
{(i, j) ∈ Z2 | 1 6 j 6 r, i < j, w(i) > w(j)}. The following result is given in [DDF, (3.2.1.1)]
(see also [DF2, 5.2]).
Lemma 3.2. For w ∈ S△,r, we have ℓ(w) = |L (w)| = |R(w)|.
For i ∈ Z the image of i in Z/rZ will be denoted by i¯. The following corollary can be proved
by a standard argument by using Lemma 3.2. So we omit the proof.
Corollary 3.3. Let x ∈ S△,r and i0, j0 ∈ Z such that i0 < j0 and i0 6= j0. Then we have
x < (i0, j0)x if and only if x
−1(i0) < x
−1(j0), i.e. i0 occurs in the left of j0 in the sequence
(x(s))s∈Z.
For i ∈ Z let (−∞, i] = {a = (as)s6i|as ∈ Z} and [i,+∞) = {a = (as)s>i|as ∈ Z}. If either
a, b ∈ (−∞, i] or a, b ∈ [i,+∞), we write a 6 b if as 6 bs for all s. Given a = (as) ∈ Zn△ and
an integer i we let (as)
sorted
s6i = (bs)s6i such that {as|s 6 i} = {bs|s 6 i} and bs−1 6 bs for s 6 i.
Similarly we may define (as)
sorted
s>i for a ∈ Z
n
△ and i ∈ Z.
By Corollay 3.3 we have the following result.
Corollary 3.4. Let y,w ∈ S△,r. If y 6 w then for any i ∈ Z we have (y(s))sorteds6i 6 (w(s))
sorted
s6i
and (y(s))sorteds>i > (w(s))
sorted
s>i .
3.4. Recall the map △ defined in (2.4). Given A ∈ Θ△(n, r), write yA = w if A = △(λ,w, µ). For
A,B ∈ Θ△(n, r), define B 6
Bo A by the condition ro(B) = ro(A), co(B) = co(A) and yB 6 yA.
Put B <Bo A if B 6Bo A and B 6= A. Then 6Bo is a partial order relation on Θ△(n, r).
Recall that V is a F[ε, ε−1]-free module of rank r ∈ N. Let {v1, v2, · · · , vr} be a fixed F[ε, ε−1]-
basis of V . We set vi+kr = ε
−kvi for 1 6 i 6 r and k ∈ Z.
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Lemma 3.5. Let A ∈ Θ△(n, r), λ = ro(A) and µ = co(A). Let L(A) = (Li)i∈Z and L
′(A) =
(L′i)i∈Z where
Li+kn = spanF
{
va
∣∣a ∈ ⋃
t6i+kn
Rλt
}
= spanF
{
va
∣∣a 6 ∑
16j6i
λj + kr
}
L′i+kn = spanF
{
vyA(a)
∣∣a ∈ ⋃
t6i+kn
Rµt
}
= spanF
{
vyA(a)
∣∣a 6 ∑
16j6i
µj + kr
}
for 1 6 i 6 n and k ∈ Z. Then we have (L(A),L′(A)) ∈ OA.
Proof. By definition we have Li ∩ L
′
j = spanF{va|a ∈
⋃
t6iR
λ
t , a ∈
⋃
t6j yA(R
µ
t )} for i, j ∈ Z.
Hence for i, j ∈ Z we have
Li ∩ L
′
j
Li−1 ∩ L′j + Li ∩ L
′
j−1
= spanF{va|a ∈ R
λ
i ∩ yA(R
µ
j )}.
The assertion follows. 
Lemma 3.6. (1) If A,B ∈ Θ△(n, r) and B 6
Bo A then B ⊑ A.
(2) If A,B ∈ Θ△(n, r) and B <
Bo A then B ⊏ A.
Proof. If B 6Bo A then ro(B) = ro(A), co(B) = co(A) and yB 6 yA. We denote λ = ro(B) and
µ = co(B). Let L = L(A) = L(B), L′ = L′(A) and L′′ = L′(B). Then by Lemma 3.5 we have
(L,L′) ∈ OA and (L
′,L′′) ∈ OB . By definition for i, j ∈ Z we have
Li/(Li ∩ L
′
j−1) = spanF{vyA(a)|yA(a) ∈
⋃
t6i
Rλt , a ∈
⋃
t>j
Rµt },
Li/(Li ∩ L
′′
j−1) = spanF{vyB(a)|yB(a) ∈
⋃
t6i
Rλt , a ∈
⋃
t>j
Rµt }
L′j/(Li−1 ∩ L
′
j) = spanF{vyA(a)|a ∈
⋃
t6j
Rµt , yA(a) ∈
⋃
t>i
Rλt },
L′′j/(Li−1 ∩ L
′′
j ) = spanF{vyB(a)|a ∈
⋃
t6j
Rµt , yB(a) ∈
⋃
t>i
Rλt }.
Since yB 6 yA, by Corollary 3.4 we have dimF(Li/(Li ∩ L
′′
j−1)) 6 dimF(Li/(Li ∩ L
′
j−1)) and
dimF(L
′′
j /(Li−1 ∩ L
′′
j )) 6 dimF(L
′
j/(Li−1 ∩ L
′
j)). Hence by [L6, 1.6(a)] we conclude that B ⊑ A.
Thus (1) holds. Now we assume B <Bo A. Suppose that B 6≺ A. Then by (1) we have B 4 A
and ro(B) = ro(A). Hence by [DF1, 6.1] we see that B and A have the same off diagonal entries.
Since ro(B) = ro(A) we must have A = B. This is a contradiction. Hence B ≺ A. The assertion
(2) follows. 
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3.5. For A ∈ Θ△(n, r) let y
+
A be the unique longest element in SλyASµ, where λ = ro(A) and
µ = co(A). The following result is given in [DF3, 7.1].
Lemma 3.7. For A ∈ Θ△(n, r) we have ℓ(y
+
A) = dA + ℓ(w0,µ) where µ = co(A) and dA is given
in (2.1).
For λ, µ ∈ Λ△(n, r) and d ∈ D
△
λ,µ, define θ
d
λ,µ ∈ S△(n, r)Z as follows:
θdλ,µ(xνh) = δµνv
ℓ(w0,µ)C ′d+h,
where ν ∈ Λ△(n, r), h ∈ H△(r)Z and d
+ is the unique longest element in SλdSµ.
Proposition 3.8. Assume λ, µ ∈ Λ△(n, r), d ∈ Dλ,µ and A = △(λ, d, µ) ∈ Θ△(n, r). Then we
have
θdλ,µ = θA,r =
∑
B∈Θ△(n,r)
B6BoA
vℓ(y
+
B)−ℓ(y
+
A)P
y+B ,y
+
A
[B],
where P
y+B ,y
+
A
is the Kazhdan–Lusztig polynomial.
Proof. By definition we have θdλ,µ = θ
d
λ,µ. Furthermore, by Lemma 3.1 we conclude that
(3.3) θdλ,µ =
∑
x∈D△
λ,µ
x6d
vℓ(x
+)−ℓ(d+)Px+,d+ φ˜
x
λ,µ,
where φ˜xλ,µ = v
ℓ(w0,µ)−ℓ(x+)φxλ,µ. In addition, by Lemma 3.7 we have [B] = φ˜
x
λ,µ for B ∈ Θ△(n, r)
with B = △(λ, x, µ). Consequently, by Lemma 3.6 and the uniqueness of θA,r we conclude that
θA,r = θ
d
λ,µ. The assertion follows. 
4. Connection between B(n, r) and B(N)ap
4.1. Let U(ŝln) be the Q(v)-subalgebra of D△(n) generated by the elements u
+
E△i,i+1
, u−
E△i+1,i
and K˜±1i for i ∈ I. Then U(ŝln) is isomorphic to quantum affine ŝln. Let U(ŝln)
+ be the
Q(v)-subalgebra of U(ŝln) generated by the elements u
+
E△i,i+1
for i ∈ I. Let U(ŝln)
+
Z be the
Z-subalgebra of U(ŝln)
+ generated by u˜+
mE△i,i+1
for i ∈ I and m ∈ N. The algebra U(ŝln)
+
Z is the
Z-form of U(ŝln)
+.
Let D△(n)
+
Z = spanZ{u˜
+
A | A ∈ Θ
+
△ (n)}. ThenD△(n)
+
Z is a Z-subalgebra ofD△(n) and U(ŝln)
+
Z
is a proper subalgebra of D△(n)
+
Z . According to [VV, Prop 7.5], there is a unique Z-basis
(4.1) B(n) := {θ+A | A ∈ Θ
+
△ (n)}
for D△(n)
+
Z such that θ
+
A = θ
+
A and
(4.2) θ+A − u˜
+
A ∈
∑
B≺A,B∈Θ+△ (n)
d(B)=d(A)
v−1Z[v−1]u˜+B .
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The set B(n) is called the canonical basis of D△(n)
+
Z . For A,B ∈ Θ
+
△ (n) we write
(4.3) θ+Aθ
+
B =
∑
C∈Θ+△ (n)
fA,B,Cθ
+
C ,
where fA,B,C ∈ Z. Note that if fA,B,C 6= 0 then d(C) = d(A) + d(B).
A matrix A = (ai,j) ∈ Θ△(n) is said to be aperiodic if for every integer l 6= 0 there exists
1 6 i 6 n such that ai,i+l = 0. Let Θ△(n)
ap be the set of all aperiodic matrices in Θ△(n). Let
Θ+△ (n)
ap = Θ+△ (n) ∩Θ△(n)
ap.
By Lusztig [L3] we know that the set
(4.4) B(n)ap := {θ+A | A ∈ Θ
+
△ (n)
ap}
forms a Z-basis for U(ŝln)
+
Z and is called the canonical basis of U(ŝln)
+
Z . The following positivity
result for U(ŝln)
+
Z was proved by Lusztig.
Theorem 4.1 ([L5, 14.4.13]). For A,B,C ∈ Θ+△ (n)
ap we have fA,B,C ∈ N[v, v−1].
4.2. Let D△(n)
0
Z be the Z-subalgebra of D△(n) generated by K
±1
i and
[
Ki;0
t
]
for 1 6 i 6 n and
t > 0, where
[
Ki;0
t
]
=
∏t
s=1
Kiv
−s+1−K−1i v
s−1
vs−v−s
. Let D△(n)
>0
Z = D△(n)
+
ZD△(n)
0
Z . Then D△(n)
>0
Z is a
Z-subalgebra of D△(n)Z .
Recall the map ζr defined in Theorem 2.2. Let S△(n, r)
>0
Z be the Z-submodule of S△(n, r)Z
spanned by the elements A(0, r)[diag(λ)] for A ∈ Θ+△ (n) and λ ∈ Λ△(n, r). Since S△(n, r)
>0
Z =
ζr(D△(n)
>0
Z ), we conclude that S△(n, r)
>0
Z is a Z-subalgebra of S△(n, r)Z . The algebra S△(n, r)
>0
Z
is called a Borel subalgebra of S△(n, r)Z .
Lemma 4.2. The set {θA+diag(λ),r | A ∈ Θ
+
△ (n), λ ∈ Λ△(n, r − σ(A))} forms a Z-basis of
S△(n, r)
>0
Z .
Proof. By definition the set {[A + diag(λ)] | |A ∈ Θ+△ (n), λ ∈ Λ△(n, r − σ(A))} forms a Z-basis
of S△(n, r)
>0
Z . Furthermore, by (3.2), for A ∈ Θ
+
△ (n) and λ ∈ Λ△(n, r − σ(A)), we have
θA+diag(λ),r − [A+ diag(λ)] ∈
∑
B∈Θ+△ (n), µ∈Λ△(n,r−σ(B))
B+diag(µ)⊏A+diag(λ)
Z[B + diag(µ)].
The assertion follows. 
According to [DF3, 7.7(2) and 7.9] we have the following result (see also [F2, 3.7]).
Lemma 4.3. For A ∈ Θ+△ (n) we have ζr(θ
+
A) =
∑
µ∈Λ△(n,r−σ(A))
θA+diag(µ),r. In particular we
have
[diag(λ)]ζr(θ
+
A) =

θA+diag(λ−ro(A)),r if λ− ro(A) ∈ N
n
△
0 otherwise.
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and
ζr(θ
+
A)[diag(λ)] =

θA+diag(λ−co(A)),r if λ− co(A) ∈ N
n
△
0 otherwise.
for λ ∈ Λ△(n, r).
For A,B ∈ Θ△(n, r) we write
(4.5) θA,rθB,r =
∑
C∈Θ△(n,r)
gA,B,C,rθC,r
where gA,B,C,r ∈ Z. If gA,B,C,r 6= 0 then we have co(A) = ro(B), ro(A) = ro(C) and co(B) =
co(C).
Lemma 4.4. Let A,B ∈ Θ+△ (n), λ ∈ Λ△(n, r − σ(A)) and µ ∈ Λ△(n, r − σ(B)). If co(A) + λ =
ro(B) + µ then we have
gA+diag(λ),B+diag(µ),C′,r =

fA,B,C if C
′ = C + diag(λ+ ro(A− C)) for some C ∈ Θ+△ (n),
0 otherwise.
for C ′ ∈ Θ△(n, r), where fA,B,C is as given in (4.3).
Proof. By Lemma 4.3 we have
θA+diag(λ),rθB+diag(µ),r = [diag(λ+ ro(A))]ζr(θ
+
A)ζr(θ
+
B)[diag(µ+ co(B))]
=
∑
C∈Θ+△ (n),d(C)=d(A)+d(B)
λ+ro(A)−ro(C)∈Nn△
fA,B,CθC+diag(λ+ro(A)−ro(C)),r[diag(µ+ co(B))].
If d(C) = d(A) + d(B) then we have ro(C) − co(C) = ro(A + B) − co(A + B) and hence
co(C) + λ+ ro(A)− ro(C) = λ+ co(A+B)− ro(B) = µ+ co(B). Thus we have
θA+diag(λ),rθB+diag(µ),r =
∑
C∈Θ+△ (n),d(C)=d(A)+d(B)
λ+ro(A)−ro(C)∈Nn△
fA,B,CθC+diag(λ+ro(A)−ro(C)),r.
The assertion follows. 
4.3. For m ∈ Z there is a map
(4.6) ηm : Θ△(n)→ Θ△(n)
defined by sending A = (ai,j)i,j∈Z to (ai,mn+j)i,j∈Z. Note that if A = △(λ, d, µ) ∈ Θ△(n, r) then
ηm(A) = △(λ, dρ
mr , µ) ∈ Θ△(n, r).
Lemma 4.5. Let A ∈ Θ△(n) and m ∈ Z. If ai,j = 0 for 1 6 i 6 n and j 6 mn, then
ηk(A) ∈ Θ
+
△ (n) for k 6 m− 1.
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Proof. Let B(k) = ηk(A). If k 6 m − 1, 1 6 i 6 n and i > j, then kn + j 6 (m − 1)n + j 6
(m− 1)n + i 6 mn and hence b
(k)
i,j = ai,kn+j = 0. Thus B
(k) ∈ Θ+△ (n) for k 6 m− 1. 
Lemma 4.6. Let A ∈ Θ△(n, r) with λ = ro(A) and µ ∈ co(A). Then we have θA,r · θ
ρmr
µ,µ =
θηm(A),r = θ
ρmr
λ,λ · θA,r for m ∈ Z.
Proof. Note that C ′w0,µ = v
−ℓ(w0,µ)xµ. Since ρ
rx = xρr for x ∈ S△,r we have Sµρ
mrSµ =
SµSµρ
mr = Sµρ
mr. It follows that w0,µρ
mr is the longest element in Sµρ
mrSµ. This together
with Proposition 3.8 implies that
(4.7) θA,rθ
ρmr
µ,µ (C
′
w0,µ
) = θA,r(C
′
w0,µ·ρmr) = θA,r(C
′
w0,µ
Tmrρ ) = C
′
d+ρmr ,
where d ∈ D△λ,µ is such that △(λ, d, µ) = A and d
+ is the unique longest element in SλdSµ. Fur-
thermore sinceSλdρ
mrSµ = SλdSµρ
mr, we see that d+ρmr is the longest element inSλdρ
mrSµ.
It follows from (4.7) that
θηm(A),r(C
′
w0,µ
) = θdρ
mr
λ,µ (C
′
w0,µ
) = C ′d+ρmr = θA,rθ
ρmr
µ,µ (C
′
w0,µ
).
Thus we have θA,r · θ
ρmr
µ,µ = θηm(A),r. This implies that θ
d−1
µ,λ · θ
ρ−mr
λ,λ = θ
d−1ρ−mr
µ,λ . Applying the
map τr given in (2.2), we get θ
ρmr
λ,λ · θA,r = τr(θ
d−1
µ,λ · θ
ρ−mr
λ,λ ) = τr(θ
d−1ρ−mr
µ,λ ) = θηm(A),r. 
Assume N > n. There is a natural injective map
˜ : Θ△(n) −→ Θ△(N), A = (ai,j) 7−→ A˜ = (a˜i,j),
where A˜ = (a˜i,j) is defined by
a˜k,l+mN =

ak,l+mn, if 1 6 k, l 6 n;0, if either n < k 6 N or n < l 6 N
for m ∈ Z. Note that the map ˜ : Θ△(n) −→ Θ△(N) induces a map from Θ+△ (n) to Θ+△ (N).
Similarly, there is an injective map
˜ : Zn△ −→ ZN△ , λ 7−→ λ˜,
where λ˜i = λi for 1 6 i 6 n and λ˜i = 0 for n+ 1 6 i 6 N .
It is easy to see that there is an injective algebra homomorphism (not sending 1 to 1)
ιn,N : S△(n, r) −→ S△(N, r), [A] 7−→ [A˜] for A ∈ Θ△(n, r)
(see [DDF, §4.1]).
Let Θ△(n, r)
ap = Θ△(n)
ap ∩Θ△(n, r).
Lemma 4.7. Assume N > n. Then for A ∈ Θ△(n, r) we have A˜ ∈ Θ△(N, r)
ap and ιn,N(θA,r) =
θ
A˜,r
. In particular we have gA,B,C,r = gA˜,B˜,C˜,r for A,B,C ∈ Θ△(n, r), where gA,B,C,r is as given
in (4.5).
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Proof. The first assertion follows from the definition of A˜. The second assertion follows from
Proposition 3.8 and (3.3). 
Recall the map ηm defined in (4.6). The structure constants for the canonical basis B(n, r) =
{θA,r | A ∈ Θ△(n, r)} of the affine quantum Schur algebra S△(n, r) and the canonical basis
B(N)ap = {θ+A | A ∈ Θ
+
△ (N)
ap} of U(ŝlN )
+ are related as follows.
Theorem 4.8. Assume N > n. Let A,B,C ∈ Θ△(n, r) and C
′ ∈ Θ△(N, r).
(1) We have
g
η˜k(A),η˜k(B),C′,r
=

gA,B,X,r if C
′ = η2k(X) for some X ∈ Θ△(n, r)
0 otherwise
for k ∈ Z, where gA,B,X,r is as given in (4.5).
(2) If N > n and co(A) = ro(B), then there exist k0 ∈ Z such that for k 6
k0, η˜k(A), η˜k(B), η˜2k(C) ∈ Θ
+
△ (N) ∩ Θ△(N, r)
ap and gA,B,C,r = f
η˜k(A),η˜k(B),η˜2k(C)
, where
f
η˜k(A),η˜k(B),η˜2k(C)
is as given in (4.3).
Proof. If co(A) 6= ro(B) then θA,rθB,r = θηk(A)θηk(B) = 0 for any k ∈ Z. Now we assume
co(A) = ro(B). Let λ = ro(A) and ν = co(B). Then by Lemma 4.6 we have
(4.8)
θηk(A),rθηk(B),r = θ
ρkr
λ,λθA,rθB,rθ
ρkr
ν,ν =
∑
X∈Θ△(n,r)
gA,B,X,rθηk(X),rθ
ρkr
ν,ν =
∑
X∈Θ△(n,r)
gA,B,X,rθη2k(X),r
for k ∈ Z. Applying ιn,N to (4.8) gives that
ιn,N (θηk(A),r)ιn,N (θηk(B),r) =
∑
X∈Θ△(n,r)
gA,B,X,rιn,N (θη2k(X),r)
for k ∈ Z. Thus by Lemma 4.7 we have
(4.9) θ
η˜k(A),r
θ
η˜k(B),r
=
∑
X∈Θ△(n,r)
gA,B,X,rθ ˜η2k(X),r
for k ∈ Z. The assertion (1) follows. The assertion (2) follows from the assertion (1), Lemma
4.4, Lemma 4.5 and Lemma 4.7. 
As a corollary to Theorem 4.8, together with Theorem 4.1 we have the following positivity
property for S△(n, r). This gives an alternate approach to Lusztig’s result on positivity property
for S△(n, r) in [L6, 4.5].
Corollary 4.9. For A,B,C ∈ Θ△(n, r) we have gA,B,C,r ∈ N[v, v−1].
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4.4. There is an injective map fromB(n) to B(N)ap defined by sending θ+A to θ
+
A˜
for A ∈ Θ+△ (n).
The structure constants for the canonical basis B(n) of D△(n)
+
Z and the canonical basis B(N)
ap
of U(ŝlN )
+
Z are related as follows.
Theorem 4.10. Assume N > n. For A,B,C ∈ Θ+△ (n) we have fA,B,C = fA˜,B˜,C˜, where fA,B,C
is as given in (4.3).
Proof. There exist λ, µ ∈ Nn△ such that λ + co(A) = µ + ro(B) and λ + ro(A) − ro(C) ∈
Nn△ . Let r = σ(λ) + σ(A). Then by Lemma 4.4 and Lemma 4.7 we have fA,B,C =
gA+diag(λ),B+diag(µ),C+diag(λ+ro(A−C)) = gA˜+diag(λ˜),B˜+diag(µ˜),C˜+diag(λ˜+ro(A˜−C˜)) = fA˜,B˜,C˜ . 
The following result is a generalization of Theorem 4.1, which gives the positivity property
for D△(n)
+
Z .
Corollary 4.11. For A,B,C ∈ Θ+△ (n) we have fA,B,C ∈ N[v, v
−1].
Proof. The assertion follows from Theorem 4.1 and Theorem 4.10. 
5. Positivity properties for U˙(ŝln)
5.1. Recall that I = Z/nZ and I is identified with {1, 2, · · · , n}. There is an algebra grading
over Z[I]
U(ŝln) =
⊕
ν∈Z[I]
U(ŝln)ν
defined by the condition U(ŝln)ν′U(ŝln)ν′′ ⊆ U(ŝln)ν′+ν′′ , K˜i ∈ U(ŝln)0, u
+
E△i,i+1
∈ U(ŝln)i,
u−
E△i+1,i
∈ U(ŝln)−i for all ν
′, ν ′′ ∈ Z[I], i ∈ I.
Let us recall the definition of the modified quantum affine algebra U˙(ŝln) of U(ŝln). Let X
be the quotient of Zn△ by the subgroup generated by the element 1, where 1i = 1 for all i. For
λ ∈ Zn△ let λ¯ ∈ X be the image of λ in X. Let Y = {µ ∈ Z
n
△ |
∑
16i6n µi = 0}. For λ¯ ∈ X and
µ ∈ Y we set µ · λ¯ =
∑
16i6n λiµi.
For i ∈ I let e△i ∈ N
n
△ be the element satisfying (e
△
i )j = δi,j for j ∈ I. There is a natural map
I → X defined by sending i to α△i , where α
△
i = e
△
i − e
△
i+1. The imbedding I → X induce a
homomorphism ι : Z[I]→ X.
For λ¯, µ¯ ∈ X we set
λ¯U(ŝln)µ¯ = U(ŝln)
/(∑
j∈Y
(Kj − vj·λ¯)U(ŝln) +
∑
j∈Y
U(ŝln)(K
j − vj·µ¯)
)
.
Let πλ¯,µ¯ : U(ŝln)→ λ¯U(ŝln)µ¯ be the canonical projection. Let
U˙(ŝln) :=
⊕
λ¯,µ¯∈X
λ¯U(ŝln)µ¯.
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We define the product in U˙(ŝln) as follows. Let λ
′, µ′, λ′′, µ′′ ∈ X and ν ′, ν ′′ ∈ Z[I] with
λ′ − µ′ = ι(ν ′) and λ′′ − µ′′ = ι(ν ′′). For t ∈ U(ŝln)ν′ , s ∈ U(ŝln)ν′′ , define
πλ′,µ′(t)πλ′′,µ′′(s) =

πλ′,µ′′(ts), if µ
′ = λ′′
0 otherwise.
Then U˙(ŝln) becomes an associative Q(v)-algebra structure with respect to the above product.
5.2. Let D′△(n) be the subalgebra of D△(n) generated by the elements u
+
A, u
−
A and K˜
±1
i for
A ∈ Θ+△ (n) and i ∈ I. The algebra D
′
△(n) is a Z[I]-graded algebra with
deg(u+A) =
∑
16i6n
dii, deg(u
−
A) = −
∑
16i6n
dii and deg(K˜
±1
i ) = 0
for A ∈ Θ+△ (n) and 1 6 i 6 n, where (di)i∈Z = d(A).
Let
D˙
′
△(n) :=
⊕
λ¯,µ¯∈X
λ¯D
′
△(n)µ¯,
where λ¯D
′
△(n)µ¯ = D
′
△(n)
/(∑
j∈Y (K
j − vj·λ¯)D′△(n) +
∑
j∈Y D
′
△(n)(K
j − vj·µ¯)
)
. As in the case of
U˙(ŝln), there is a natural associative Q(v)-algebra structure on D˙
′
△(n) inherited from that of
D
′
△(n). We will naturally regard U˙(ŝln) as a subalgebra of D˙
′
△(n).
For λ¯, µ¯ ∈ X, let πλ¯,µ¯ : D
′
△(n)→ λ¯D
′
△(n)µ¯ be the canonical projection. The algebra D˙
′
△(n) is
naturally a D′△(n)-bimodule defined by
t′πλ′,λ′′(s)t
′′ = πλ′+ι(ν′),λ′′−ι(ν′′)(t
′st′′)
for t′ ∈D′△(n)ν′ , s ∈D
′
△(n), t
′′ ∈D′△(n)ν′′ and λ
′, λ′′ ∈ X.
For λ¯ ∈ X let 1λ¯ = πλ¯,λ¯(1). The map ζr defined in Theorem 2.2 induces an surjective algebra
homomorphism
ζ˙r : D˙
′
△(n)→ S△(n, r)
such that for A ∈ Θ+△ (n) and λ¯ ∈ X, ζ˙r(u
±
A1λ¯) = ζr(u
±
A)[diag(µ)], if λ¯ = µ¯ for some µ ∈ Λ△(n, r),
and ζ˙r(u
±
A1λ¯) = 0 otherwise (cf. [F1, 3.6]).
The maps ζ˙r induce an algebra homomorphism
ζ˙ : D˙′△(n)→
∏
r>0
S△(n, r)
such that ζ˙(x) = (ζ˙r(x))r>0 for x ∈ D˙
′
△(n). The following result is a generalization of Lusztig
[L7, 3.5].
Theorem 5.1. The map ζ˙ : D˙′△(n)→
∏
r>0S△(n, r) is injective.
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Proof. Note that the set {1λ¯u˜
+
Au˜
−
B | A,B ∈ Θ
+
△ (n), λ¯ ∈ X} forms a Q(v)-basis for D˙
′
△(n). We
use reduction to absurdity. Assume x =
∑
A∈Θ±△ (n), λ¯∈X
βA,λ¯1λ¯u˜
+
A+
u˜−t(A−) 6= 0 ∈ D˙
′
△(n) is such
that ζ˙(x) = 0. Then there exist a ∈ X such that 1ax 6= 0. Since the set
T := {A | A ∈ Θ±△ (n), βA,a 6= 0}
is finite we may choose a maximal element B in T with respect to 4. We choose µ ∈ Nn△ such
that µ¯ = a and µ > ro(B). Let r0 = σ(µ). Then we have
0 = [diag(µ)]ζ˙r0(x) =
∑
A∈T
βA,a[diag(µ)]A
+(0, r)A−(0, r).
By [DDF, 3.7.3] we have
A+(0, r)A−(0, r) = A(0, r) +
∑
C∈Θ△(n,r), C≺A
γA,C [C]
where γA,C ∈ Q(v). This implies that∑
A∈T
βA,a[diag(µ)]A
+(0, r)A−(0, r)
= βB,a[diag(µ)]
(
B(0, r) +
∑
C∈Θ△(n,r)
C≺B
γB,C [C]
)
+
∑
A∈T
B 64A
βA,a[diag(µ)]
(
A(0, r) +
∑
C∈Θ△(n,r)
C≺A
γA,C [C]
)
= βB,a[B + diag(µ− ro(B))] + f
where f is a linear combination of [C ′ + diag(ν)] such that C ′ 6= B, C ′ ∈ Θ±△ (n) and ν ∈
Θ△(n, r − σ(C
′)). Thus we have βB,a = 0. This is a contradiction. 
5.3. Let B˙(n) be the canonical basis of U˙(ŝln) defined in [L5]. Let φr+n,r : S△(n, r + n) →
S△(n, r) be the algebra homomorphism defined in [L7, 1.11]. According to [L7, 3.4(a)] we have
(5.1) φr+n,r ◦ ζ˙r+n(x) = ζ˙r(x)
for all r ∈ N and x ∈ U˙(ŝln). The following result was proved by Schiffmann–Vasserot [SV] (see
also Lusztig [L7, 4.1] and Mcgerty [M, 7.10]).
Theorem 5.2. (1) We have ζ˙r(B˙(n)) ⊆ {0} ∪ {θA,r | A ∈ Θ△(n, r)}.
(2) For A ∈ Θ△(n, r + n)
ap we have
φr+n,r(θA,r+n) =

θA−E,r if ai,i > 1 for 1 6 i 6 n,0 otherwise,
where E = (δi,j)i,j∈Z ∈ Θ△(n).
For A ∈ Θ△(n)
ap with A − E 6∈ Θ△(n) let bA = (ar)r>0 ∈
∏
r>0S△(n, r), where ar = θA+mE,r
if r = σ(A) +mn for some m > 0, and ar = 0 otherwise.
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Lemma 5.3. We have ζ˙(B˙(n)) = {bA | A ∈ Θ△(n)
ap, A− E 6∈ Θ△(n)}.
Proof. Let b ∈ B˙(n). By Theorem 5.1 we have ζ˙(b) 6= 0. Let r0 = min{r ∈ N | ζ˙r(b) 6= 0}. Then
by Theorem 5.2(1) and [L6, 8.2] we have ζ˙r0(b) = θA,r0 for some A ∈ Θ△(n, r0)
ap. From (5.1)
we see that φr0,r0−n(θA,r0) = φr0,r0−n ◦ ζ˙r0(b) = ζ˙r0−n(b) = 0. Thus by Theorem 5.2(2) we have
A−E 6∈ Θ△(n). By the proof of [L7, 4.3], we know that if ζ˙r(b) 6= 0 for some r > r0, then r ≡ r0
mod n. Furthermore, if m > 0 then by (5.1) we have
θA,r0 = ζ˙r0(b) = φr0+n,r0 ◦ φr0+2n,r0+n ◦ · · · ◦ φr0+mn,r0+(m−1)n ◦ ζ˙r0+mn(b).
This together with Theorem 5.2 implies that ζ˙r0+mn(b) = θA+mE,r0+mn. Thus we have ζ˙(b) = bA.
On the other hand, if A′ ∈ Θ△(n)
ap with A′ − E 6∈ Θ△(n), by [L6, 8.2] we conclude that there
exists b′ ∈ B˙(n) such that ζ˙r′0(b
′) = θA′,r′0 , where r
′
0 = σ(A
′). By the proof above we conclude
that ζ˙(b′) = bA′ . The assertion follows. 
By Theorem 5.1 and Lemma 5.3 we conclude that for each A ∈ Θ△(n)
ap with A−E 6∈ Θ△(n),
there exists a unique cA ∈ B˙(n) such that ζ˙(cA) = bA. Furthermore we have
B˙(n) = {cA | A ∈ Θ△(n)
ap, A− E 6∈ Θ△(n)}.
Thus B˙(n) is indexed by the set {A ∈ Θ△(n)
ap | A − E 6∈ Θ△(n)}. For A,B ∈ Θ△(n)
ap with
A− E,B − E 6∈ Θ△(n) we write
(5.2) cAcB =
∑
C∈Θ△(n)
ap
C−E 6∈Θ△(n)
hA,B,CcC ,
where hA,B,C ∈ Z.
Recall the map ηm defined in (4.6). The structure constants for the canonical basis B˙(n) of
U˙(ŝln) and the structure constants for the canonical basis B(N)
ap = {θ+A | A ∈ Θ
+
△ (N)
ap} of
U(ŝlN )
+ are related in the following way.
Theorem 5.4. Assume N > n. Let A,B ∈ Θ△(n)
ap with A−E,B−E 6∈ Θ△(n). If C ∈ Θ△(n)
ap
with C − E 6∈ Θ△(n) is such that hA,B,C 6= 0, then there exist m1,m2,mC ∈ N and k0 ∈ Z such
that σ(A) + nm1 = σ(B) + nm2 = σ(C) + nmC , A˜k, B˜k, C˜k ∈ Θ
+
△ (N)
ap and
hA,B,C = fA˜k,B˜k,C˜k
for k 6 k0, where Ak = ηk(A +m1E), Bk = ηk(B +m2E), Ck = η2k(C +mCE) and fA˜k,B˜k,C˜k
is as given in (4.3).
Proof. By (5.2) we have
(5.3) bAbB =
∑
C∈Θ△(n)
ap
C−E 6∈Θ△(n)
hA,B,CbC ,
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where hA,B,C ∈ Z. If σ(A) 6≡ σ(B) mod n then by definition we have bAbB = 0. Now we
assume σ(A) ≡ σ(B) mod n. Let X = {C ∈ Θ△(n)
ap | C − E 6∈ Θ△(n), hA,B,C 6= 0}. We choose
r0 ∈ N such that r0 ≡ σ(A) mod n, r0 > σ(A), r0 > σ(B) and r0 > σ(C) for C ∈ X . Note that
σ(C) ≡ σ(A) mod n for C ∈ X . Assume r0 = σ(A) + nm1 = σ(B) + nm2 = σ(C) + nmC for
C ∈ X . Then by (5.3) we have
θA+m1E,r0θB+m2E,r0 =
∑
C∈X
hA,B,CθC+mCE,r0 .
This implies that hA,B,C = gA+m1E,B+m2E,C+mCE,r0. Now the assertion follows from Theorem
4.8. 
The following theorem gives the positivity property for U˙(ŝln).
Theorem 5.5. For b, b′ ∈ B˙(n) we have bb′ ∈
∑
b′′∈B˙(n)N[v, v
−1]b′′.
Proof. The assertion follows from Theorem 4.1 and Theorem 5.4. 
6. A weak positivity property for D˙△(n)
For λ, µ ∈ Zn△ we set λD△(n)µ = D△(n)/λIµ, where
λIµ =
( ∑
j∈Zn△
(Kj − vλ·j)D△(n) +
∑
j∈Zn△
D△(n)(K
j − vµ·j)
)
.
Let D˙△(n) :=
⊕
λ,µ∈Zn△ λ
D△(n)µ. As in the case of U˙(ŝln), there is a natural associative Q(v)-
algebra structure on D˙△(n) inherited from that of D△(n) (see [F1]). The algebra D˙△(n) is the
modified form of D△(n). Let {θA | A ∈ Θ˜△(n)} be the canonical basis of D˙△(n) defined in [DF3],
where Θ˜△(n) is given in §1.
Proposition 6.1 ([DF3, 7.7]). There is a surjective algebra homomorphism ξ˙r : D˙△(n) →
S△(n, r) such that
ξ˙r(θA) =

θA,r, if A ∈ Θ△(n, r);0, otherwise.
The maps ξ˙r induce an algebra homomorphism
ξ˙ : D˙△(n)→
∏
r>0
S△(n, r)
such that ξ˙(x) = (ξ˙r(x))r>0 for x ∈ D˙△(n). Contrast to Theorem 5.1, the map ξ˙ is not injective.
For A ∈ Θ˜△(n) let θA = θA + ker(ξ˙) ∈ D˙△(n)/ ker(ξ˙).
Lemma 6.2. We have θA = 0 for A 6∈ Θ△(n) and the set {θA | A ∈ Θ△(n)} forms a Q(v)-basis
for D˙△(n)/ ker ξ˙.
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Proof. From Proposition 6.1 we see that ker ξ˙ = spanQ(v){θA | A ∈ Θ˜△(n), A 6∈ Θ△(n)}. The
assertion follows. 
The following result gives a weak version of the positivity property for D˙△(n).
Theorem 6.3. For A,B ∈ Θ△(n) we have θA · θB ∈
∑
C∈Θ△(n)
N[v, v−1]θC .
Proof. The assertion follows from Corollary 4.9, Proposition 6.1 and Lemma 6.2. 
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